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MODEL OF TURBULENCE
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SUMMARY

Flow over a downstream-facing step is predicted using the F.E.M. A two-equation model of turbulence
is employed where the transport of turbulence kinetic energy and dissipation rate are depicted using
transport-type equations, i.e. the two-equation model of turbulence. The results obtained are compared
with other models and experimental results. Generally, the modet was found to be under-predictive
with regard to the reattachment length when previous empirical data was used in the transport
equations.
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INTRODUCTION

An accurate simulation of separated flow is of particular importance when designing pipe
networks, hydraulic control systems, channels and diffusers. In each, the local variation in
velocity and energy is of significance in the predicted operation of the overall system. The
present work is directed at the utilization of the finite element method (F.E.M.) to solve one
such problem—turbulent flow over a downstream-facing step, Figure 1. The flow is consi-
dered to be two-dimensional, steady, incompressible and is analysed utilizing the two-
equation model of turbulence.!

During recent years the F.EM. has been employed quite extensively in predicting both
laminar®® and turbulent’'* flow. The technique now complements other methods for solving
problems where the flow is governed by the generalized Navier-Stokes equations and has
become a useful addition to the scientists’ repertoire of methods for solving such problems.

The present paper is an extension of the previous work by the authors'* when the
one-equation model was used to predict turbulent flow over a downstream-facing step. The
fluid motion is assumed to be governed by the Navier-Stokes equations, the equation of
continuity, a turbulence transport equation and an equation depicting local dissipation. The
F.E.M. is used to effect a spatial discretization and variation in the primitive variables and
the resulting discrete form of the governing equations is then solved, iteratively, in order to
ascertain the spatial variation in the pertinent variables. The resulting solutions obtained are
compared with known experimental'® and numerical'® results.

THEORETICAL FORMULATION

The region of interest is shown, diagrammatically, on Figure 1, and consists of a single
backward-facing step in a channel. The flow is two-dimensional, steady and both the laminar
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viscosity and density are assumed to be constant; the walls are smooth and impermeable.
A set of differential equations which are commonly used to depict the flow under the
prescribed conditions are,
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in which u; denotes the velocity vector in the ith co-ordinate direction, p the local pressure,
p the density and p, the effective viscosity. All variables are time-averaged and the effective
viscosity is written

Be = B+t 3
where p is the laminar viscosity and p, the turbulent viscosity whose value varies pointwise
throughout the flow domain. The magnitude of the turbulent viscosity can be defined'”*® in
terms of the turbulence kinetic energy, k, and [, the turbulent length scale, and a constant C,,

pe=C.pk 121 “4)

The present text is concerned with the evaluation of both k and [ from two further transport
equations. These are,

ak 8 [( u() ak] ou; (an au,-> 3
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for the turbulence kinetic energy and,
de 8 ( u‘) ae] g (au,- aui> €
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where, oy, o, Cp, C; and C, are usually considered to be constant,! and e=&*?/l. A
comprehensive investigation regarding the evaluation of the above constants has been
presented® in which the values are given as,

C, =022, Cp,=0-092, 0y = 1-00, 0, = 1-3, C; = 145 and C,=0-18

These values are based on a rational investigation of the basic equations in the near-wall
region and the incorporation of observations from experimental investigators.2® This, com-

bined with the so-called computer optimization techniques,! results in the values given
above.



MODELLING FLOW OVER BACKWARD-FACING STEP 297

BOUNDARY CONDITIONS

Upstream

Boundary conditions were imposed at a distance of 3 1/3 step lengths upstream from the

step. Two sets were tried,
(i) those imposed during the solution of the one-equation model,*?

u,—0 of Denham et al.'s
k—specified ) x,=0,0<x,<R

|—those used for the one-equation model
e—calculated from k*?/1.

ul—speciﬁed} experimental inlet profiles

and
(ii) the values obtained for fully developed flow in a uniform channel equal in width to

that upstream of the step. For this analysis the boundary conditions cited in (i) above were
used at the upstream end of the channel with downstream conditions of

\
T
ax,
u2=0
ok »0<x,<R
oo
9x;
p=0

The upstream boundary conditions imposed when analysing flow over the step are,
therefore,

u—specified from fully developed two-equation model analysis

u;—0 straight channel

k—specified on straigh

[—fully developed values of the one-equation model
e~—fully developed values of the one-equation model

It was found that some variation in the velocity and the k, ¢ distribution was apparent
depending on which upstream boundary condition was utilized, the better distribution being
obtained when the second type is imposed.

Downstream

These are compatible with fully developed flow,

g _ |

Ixy

]
—liz-=0>0<x2<R
8%,

ok

_._=0

ax,

7
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[—fully developed values from a one-equation model}

k3/2
e=TT
p=0
Wall

If the walls are smooth, rigid, impermeable and the no-slip condition is valid then all
variables assume a zero value at the wall. However, the variation in such quantities quite
close to the wall renders the imposition of zero values impractical unless a very fine mesh
discretization is used near the wall or special elements are employed.®?' Indeed, such
refinement could lead to excessive core and c.p.u. requirements and is usually discarded.

A generally accepted technique which obviates the necessity to follow rapid near-wall
variations is to terminate the mesh at some distance away from the wall, and utilize the
universal laws depicting the variation in shear velocity in the near wall region.*

uF=2* 0=A*<5

u¥=(-3-05+5-0log A*) (1—79—') S=A*=<30 o)
Tl.l.\
u?‘=(—5-5+2-510g)\*)(!—7‘1|> A*>30
7@
in which
u,’-"=u,»/\/3‘£ ; A*=(5)\/1‘2 ®)
P ® p

i =1 for boundaries paralle] to the u,-axis
i =2 for boundaries parallel to the u,-axis
A = distance measured normal from wall

The shear stress at the limit of the near-wall region is assumed to be identical with that at
the wall, 7, = w(0w/dA). Once the gradient in velocity and associated shear stress can-be
evaluated then the near-wall value of k can be calculated from

7@

€= Cl"é’zlp ©
where the absolute magnitude for 7, is included since k must always be positive. This is
derived from the usual assumption that the variation in static pressure normal to a wall can
be ignored and derivatives of the pertinent variables parallel to the wall are small compared
to those normal to the wall. Using these assumptions (9} becomes a particular solution of the
generalized equation depicting transport k, provided that the location under consideration is

within the fully turbulent region.
The near-wall values of ¢ may now be found if the length scale is defined. Following the

procedure adopted for the one-equation model with [ = A, the values of £ can be defined
since

k3/2

E=—l—- (10)

Since the discretized domain terminates at some small distance away from the wall the above
conditions will also apply at the upstream and downstream extremities of the domain.
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METHOD OF SOLUTION

Quadrilateral isoparametric elements are used and the now standard approach to equation
formulation into matrix form is adopted.?® The resulting matrix equation can be written in a
generalized form,

HB=f (11)

in which the matrix H is non-symmetric. Details of the coefficients of H and composition of £
are as presented in Reference 14. The only additional equation to be incorporated is (6)
which can either be included in H in exactly the same manner as (5) leading to a single
matrix where,

w

=

|

~dia~ I~
NE R e

=

for a corner node

m

and
Bk = P for a mid-side node.

Alternatively (6) can be omitted from H and once the other variables have been found, a
separate calculation is undertaken to find the distribution of the matrix resulting from a
separate F.E. formulation,'* Whichever solution technique is adopted, the required distribu-
tion of stream function can be evaluated from,

again employing the F.EM.

ITERATIVE TECHNIQUE

As indicated above, two schemes were adopted. In the first, the discretized equation is
incorporated into the global matrix H. Initial values over the whole domain corresponded to
those obtained from a one-equation model solution and the near-wall boundary values
calculated accordingly. Although this technique proved to be quite amenable to solution, the
computer core requirements were excessive and placed a limitation on the fineness of the
mesh that could be accommodated. The alternative approach was then adopted where the ¢
equation was uncoupled and solved in isolation. The corresponding iteration scheme is

(i) Set all initial values to zero within the flow domain and assume that the effective
viscosity corresponds to the molecular viscosity,

(ii) Solve for u, p and k for a fixed distribution of | (3 iterations on st entry to problem),

(iii) Estimate near-wall and inlet boundary conditions for & using & = C, (k*?/1)
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(iv) Solve the £ equation using fixed values of u;, p and k,

(v) Test on convergence of ¢; if not converged go to (iii),

(vi) Update [ using [ = C, (k*?/e),

(vii) Update u, using the new k and [ values,

(viii) Using equation (8) re-estimate the wall shear stress and therefore the boundary
conditions on u; and k,

(ix) Repeat from (ii) until convergence criteria satisfied.

It was found, during the application of the above iterative technique that (v) would initiate
several iterations for & for set values of the remaining variables. This would sometimes cause
divergence since the distribution is highly sensitive to variations in either the upstream or
downstream boundary conditions. Far better stability and distribution was obtained when
fully developed values on w, k and P were imposed upstream and a corresponding
(3e/dx, = 0 downstream) as opposed to e = C, (k*3{1). Relaxation factors were optimized, for
the mesh used, Figure 2, to an under-relaxation factor, on all variables, except p.,, of 0-8 and
a corresponding factor of 0-5 on u.. If negative values of k and & emerged after a particular
iteration, k was set to a small +ve value and if e persisted to be —ve then an [, set to
l,_;+1,.,) would usually overcome this difficulty. These restrictions led to converged
solutions being obtained without a great deal of difficulty and did not violate the physical
behaviour of the variables.

NUMERICAL CALCULATIONS

The spatial discretization used for the present calculations is shown on Figure 2. This mesh
proved adequate for present purposes and local refinements did not result in an appreciable
increase in accuracy.

During numerical calculations the initial values were taken as zero throughout the domain
although special care was exercised when imposing boundary conditions. The upstream
boundary conditions were evaluated by conducting an analysis of flow in a channel equal in
width to that upstream of the step. The one-equation model boundary conditions were
imposed upstream and the flow allowed to develop to a fully developed profile downstream.
The mesh used and boundary conditions imposed are shown on Figure 3. The fully
developed values of velocity and k were then employed as upstream boundary conditions for
the step problem. Gradients of all variables, except pressure, were taken as zero on the
downstream face, again implying fully developed conditions. It was found, however, during
trial calculations, that the imposition of boundary conditions on ¢ on other than fully

7 ] o — —
u, -specitied o ? s
\‘2:0 -0 a!'
7} -~ %‘ -
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E e \
5-0 1 ﬂ =0
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Figure 2. Mesh for backward-facing step
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Figure 3. Straight channel mesh and boundary conditions
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developed values on the upstream boundary did not change the results to any marked
degree. The values of this variable seemed to develop to essentially the same values at the
step irrespective of small changes in € on the upstream boundary.

The first problem analysed corresponds to a Reynolds number of 3025 which corresponds
to that taken by Atkins.' These are compared on Figure 4 which also includes the
experimental resuits of Denham et al.'® The one-equation model results obtained using the
F.EM."? are also shown for comparison purposes, Figure 5. Contour plots showing the
overall distribution of k are shown on Figure 6 and plots for stream functions on Figures 7
and 8. For Re=3025, the one-equation model takes 30 iterations to converge; the

two-equation model takes 125 iterations.
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Figure 4. Velocity and turbulence intensity plots for Re = 3025—one-equation model
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Figure 5. Velocity and turbulence intensity plots for Re = 3025-—two-equation model

CONCLUSIONS

In general the F.E.M. has been demonstrated to be a viable technique for the prediction of
turbulent flow over a backward-facing step. There are, however, some discernible differences
between the calculated values from the one- and two-equation modeis. In the first instance,
the recirculation zone length was found to be rather less than 4-5h as opposed to 5-6h for
the one-equation model. These are both somewhat lower than the experimental value®® of
approximately 6h, although slightly better than the values obtained utilizing the finite
difference technique,'® 4-2h and 5-2h. Secondly, a better distribution of turbulence kinetic
energy was obtained using the one-equation model. This is apparent from Figures 4 and 5.
This, associated with the fact that o, =153 had to be incorporated in both the F.E. and
finite difference methods as opposed to o, = 1-00,® seems to indicate that no advantage has
been gained whilst the complexity of the calculations has been increased.

Two points emerge when comparing the present two-equation model results with the
previously published finite difference solutions. The first is that the correlation between
measured and calculated velocity distribution is quite good. This is in spite of the fact that
the upstream boundary conditions are slightly different. This enhances the observations
made by previous researchers.’® The second fact is that the correlation, with respect to k,

between experiment and the F.E.M. is significantly better than those published using finite
difference calculations.
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